Introduction
There are many situations where n objects are ranked by two independent sources or observers and the interest is in measuring the agreement between these sets of rankings. Measures of agreement or association are of much interest in practice, for example to evaluate the agreement between several experts, methods or models.
In many cases the interest is particularly focused on agreement on the top and bottom rankings (lower and upper rankings), as e.g. in the study of the agreement between preference rankings, the agreement between football ranking league tables, evaluate the agreement between two methods of assessing platelet aggregation [21] , and the agreement between financial markets [16] . There maybe situations where judges believed to give more attention to the allocation of the top and bottom rankings, than the middle ranks (they may even randomly allocate ranks to the middle subjects). In this case, an analyst may wish to focus on the agreement between judges with respect to the top and bottom rankings [4] .
Statistics such as Spearman's rho [18] or Kendall's tau [10] correlation coecients are not appropriate for such a scenario since they assign equal weights to all rankings. Several correlation coe cients have been proposed in the literature which are more sensitive to the agreement on the top rankings, such as the top-down correlation coe cient by Iman and Conover [9] which is based on Savage scores, the weighted Kendall's tau by Shieh [17] , the Blest's correlation coe cient [2] and its symmetric version [5] . Maturi and Abdelfattah [13] presented a weighted rank correlation coe cient with the flexibility of choosing weights to reflect the emphasis of agreement on the top rankings.
This paper presents three new weighted rank correlation coe cients which are sensitive to agreement on top and bottom rankings simultaneously. The first one is based on the weights that are proposed by Maturi and Abdelfattah [13] which is more sensitive to the agreement on the top and bottom rankings simultaneously. The second and the third are based on the order statistics and the quantiles of the Laplace distribution, respectively.
The rest of the paper is organized as follows. The three new weighted rank correlation coe cients are introduced in Section 2. The limiting distributions of these correlation coe cients under the null hypothesis of no association among the rankings are presented in Section 3. A summary of the exact and approximate quantiles for these correlation coe cients is also provided in this section. A simulation study has been performed in order to investigate the performance of the new correlation coe cients compared to Spearman's rho and Kendall's tau correlation coe cients, the results are presented in Section 4. In order to illustrate the important features of the new correlation coe cients, examples are given in Section 5, including a real data set from financial market indices. Some concluding remarks are given in Section 6.
New weighted rank correlation coe cients
In this section we introduce three weighted rank correlation coe cients to assess the agreement on the top and bottom rankings simultaneously. The first weighted rank correlation coe cient is based on the weight scores introduced by Maturi and Abdelfattah [13] . The weighted correlation coe cient proposed by Maturi and Abdelfattah [13] is sensitive to the agreement on the top (or bottom) rankings but not on the top and bottom simultaneously, also their rank correlation is not symmetric. Coolen-Maturi [3] extended the rank correlation in [13] for more than two sets of rankings but again the focus was only on the agreement on the top or bottom rankings. The new weighted rank correlation presented in Section 2.1, uses the weight scores in [13] , is symmetric and can be used to evaluate the agreement on the top and the bottom rankings at the same time. In addition it enjoys the same flexibility as the one in [13] in terms of choice of weight scores which take the value between 0 and 1, exclusive.
Two further weighted rank correlation coe cients are presented in Section 2.2. These are based on the Laplace distribution which is also known as the Double Exponential distribution, because it can be thought of as the distribution of the di↵erence of two independent identically distributed exponential random variables [11] . The first coe cient is based on the order statistics of the Laplace distribution while the second is based on the quantiles of the Laplace distribution. The performance of these three coe cient will be considered in Section 4.
Throughout this paper, we assume that there are no ties among rankings, however if ties occur we suggest to use the randomization tool [6] to deal with ties as the randomization methods do not a↵ect the null distribution of the rank correlation coe cients [6, 14] . Maturi and Abdelfattah [13] introduced a weighted rank correlation coe cient, r w , to test the null hypothesis that two set of rankings are independent. This weighted rank correlation r w is sensitive to agreement on the top ranks, it is based on the weighted scores (w R1i , w R2i ) where (R 1i , R 2i ) are the paired rankings of object i = 1, 2, . . . , n, with weight w 2 (0, 1). The weighted rank coe cient r w is given by [13] 
where a 1 = w 2 (1 w n ) 2 /(1 w) 2 and a 2 = w 2 (1 w 2n )/(1 w 2 ). The statistic r w has a maximum value of 1, yet its minimum possible value is not 1. In fact, the minimum value of R w is 1 only for n = 2 and increases away from 1 towards approximately from 2 ⇥ 10 6 to 3 ⇥ 10 4 , depending on the value of w. This is very similar behaviour to the top-down correlation coe cient introduced by Iman and Conover [9] . Maturi and Abdelfattah [13] showed that r w is a locally most powerful rank test. For n ! 1 and under the null hypothesis of independence, they showed that the statistic r w p n 1 has asymptotically a standard normal distribution.
We will use the weighted scores proposed by Maturi and Abdelfattah [13] to derive the new correlation coe cient, and by using the notation introduced above, the weighted scores are w Rji where R ji is the rank given by the jth observer to the ith object (j = 1, 2 and i = 1, 2, . . . , n) and 0 < w < 1. The choice of w reflects the desire to emphasize the lower and upper rankings. For ease of presentation and without loss of generality, let q i be the rank given by the second observer corresponding to the rank i given by the first observer. That is we have paired rankings (i, q i ), i = 1, 2, . . . , n, of n objects. The new weighted scores that give more weights to the lower and upper rankings are defined as
For example, from Table 1 , the scores S wi for the rankings 1,2,3,4,5 (n = 5) and w = 0.3 are 0.30, 0.09, 0, 0.09, 0.30. Notice that the scores S wi for n = 4 and w = 0.3 are 0.30, 0.09, 0.09, 0.30. The new weighted rank coe cient R w is defined by computing the well-known Pearson correlation coe cient on the weighted scores in (2) as
which is equal to
where A = 
Two correlation coe cients based on the Laplace distribution
Iman and Conover [9] proposed the top-down correlation coe cient, by computing the well-known Pearson correlation coe cient on Savage scores (S i = P n l=i 1/l), which is more sensitive to the agreement on the top rankings. The statistic that uses Savage scores is shown to be asymptotically normal under the null hypothesis of independence and to be a locally most powerful test for some alternatives, for more details see [8, 9] . However, the top-down correlation coe cient is not symmetric, one can make it symmetric by taking 1 + S i = 1 + P n l=i 1/l, but this is not fully symmetric.
The savage score S n i+1 can also be defined as the expected value of the ith order statistic in a random sample of size n from the exponential distribution [8, p. 78] . This leads to the idea of a new correlation coe cient which is based on the following scores
where E(a, b) = P a l=1 1 b l+1 for any integers a < b. The S Oi score is the expected value of the ith order statistic in a random sample of size n from the Laplace distribution (also known as Double Exponential distribution) [1, 7] . These scores S Oi are symmetric around the middle ranks. A new rank correlation coe cient R O is obtained by computing the Pearson correlation coe cient on scores S Oi ,
This rank correlation coe cient takes the values between -1 and 1, inclusive, with -1 (+1) for perfect negative (positive) correlation. We should emphasize that the rank correlation coe cient R O gives more weight to the lower and upper rankings simultaneously. For example, from Table 1 , the scores S Oi for the rankings 1,2,3,4,5 (n = 5) are 1.5885, 0.5729, 0, 0.5729, 1.5885.
A second new correlation coe cient can also be based on the Laplace distribution, namely on the quantiles of Laplace distribution. We define the score for the rank i as
L is the inverse cumulative distribution function of Laplace distribution. These scores can be easily obtained using any statistical software, e.g. the package 'rmutil' 1 in R. These scores S Li are symmetric around the middle ranks, for example, from lation coe cient on scores S Li ,
Like R O , the rank correlation coe cient R L is symmetric and gives more weight to the lower and upper rankings simultaneously. R L is easy to calculate using statistical packages and, as shown in Section 4, its power is close to the power of the correlation coe cient R O .
To summarize, all three proposed weighted rank correlation coe cients are symmetric, taking the value -1 for prefect negative agreement and +1 for prefect positive agreement. All give more weights to the lower and upper rankings simultaneously. To illustrate the di↵erent weights that are given by the three new rank correlation coe cients, consider the weight of the ranks 1,2,3,4,5 as given in Table  1 and Figure 1 . Obviously, the scores S O and S L assign more weights to the lower and upper rankings compared to R 0.7 and R 0.9 .
The exact and limiting distributions
In order to use the proposed weighted rank correlation coe cients to test the null hypothesis of no agreement between the two rankings, one needs to find the distribution of these weighted rank correlation coe cients under the null hypothesis. The exact quantiles of R w for n = 4(1)12, and the approximate quantiles for larger n (n = 13(1)19 and n = 20(10)100) are listed in Tables 2, 3 and 4. The exact quantiles were obtained by generating all possible permutations of (1, 2, . . . , n), then the three proposed rank correlation coe cients are calculated between (1, 2, . . . , n) and each of these (equally likely) permutations. The approximate quantiles were obtained by one million Monte Carlo simulations for each n. Similarly, the exact and approximate quantiles of R L and R O are reported in Tables 5 and 6 , respectively.
For large values of n, the asymptotic distribution of R w under the null hypothesis is given in the following theorem. The three weighted rank correlation coe cients have the same asymptotic distribution, that is the limiting distribution of R w , R L and R O is the normal distribution with mean 0 and variance 1/(n 1). The proof for R w is given below, the proof for the other two weighted rank correlation coe cients, R L and R O , is very similar.
Theorem 3.1 Under the null hypothesis of independence, E(R w ) = 0, V (R w ) = 1/(n 1) and the asymptotic distribution of R w p n 1 is the standard normal distribution.
Proof
The mean and the variance of the R w , under null hypothesis of independence, are computed as follows. Since E(S wi S wq i ) = E(S wi )E(S wq i ) = 0 then by substituting in (4) we directly obtain that E(
For the variance, from (4),
where
Using a n (R ni , f) = S wi / p A and a n (Q ni , g) = S wq i / p A, we can write R w = P n i=1 a n (R ni , f)a n (Q ni , g). That is, R w is written as a linear rank statistic. Under H 0 , using Theorem V.1.8 in [8] , the distribution of the statistic R w for n ! 1 is asymptotically normal with mean 0 and variance 1/(n 1).
⌅

Simulation study
A simulation study has been carried out to compare the performance of the three new correlation coe cients, Kendall's tau and Spearman's rho and in detecting the agreement on top and bottom rankings simultaneously. To compare the power of the three new weighted rank correlation coe cients we followed Legendre [12] in generating the following simulation scenario 1 .
For the first set of observations, a standard normal distribution sample is generated then this sample is sorted ascendingly. To obtain the second sample, (1) The performances (power) of the three weighted correlation coe cients are assessed, at significance level ↵ = 0.05, using the percentage of rejections of the null hypothesis when the null hypothesis is false. For the rank correlation coe cient R w we are going to consider the weights w = 0.4(0.1)0.8. Based on 10,000 replications and n = 10, 20, 30, 50, 100, the simulation results are summarised in Table 7 .
From Table 7 and as expected all the new weighted rank correlation coe cients perform much better compared with Spearman's rho and Kendall's tau for p = 0.1 than for p = 0.3. And of course the powers are much higher for small where larger values of correspond to lower degrees of agreement. Table 7 also shows that the Spearman's rho performs slightly better than Kendall's tau but both are very close. The two weighted rank correlation coefficients that are based on the Laplace distribution, R L and R O , perform very well compared to Spearman's rho and Kendall's tau. The performance of R L and R O is very close to each other, however
The performance of the weighted rank correlation R w varies depending on the sample size n, and p. For small p, and n, the R w (for small w) performs better than other correlation coe cients. For large n, R w performs better than (or close to) other correlation coe cients, except for large variance . This is not surprising, as for R w one has huge freedom on how to choose the weight to reflect the amount of emphasis on agreement on top and bottom rankings. Therefore one should choose the weights very carefully taking into account the research interest and sample size.
As a rule of thumb, if one wishes to find the agreement on 10% of both the top and bottom rankings without giving much attention to the ranks on the middle then one may choose small values of w, e.g. w  0.3. And if one would like to find the agreement on 20% of both the top and bottom rankings with some attention to the values in the middle then one may want to choose medium values of w, e.g. between 0.4 and 0.6. However, if the aim is to find the agreement on the 30-35% of the top and bottom rankings with reasonable attention to the values in the middle then the suggestion is to choose large values of w, e.g. between 0.7 and 0.9. Figure 2 shows the weighted scores S w for n = 15, 25, 50, which illustrates how the weighted scores change from the top/bottom rankings compared with the middle ranks.
Examples
In this section, two examples are presented to illustrate the new proposed weighted rank correlation coe cients, the second example considers real data on financial markets indices.
Example 5.1 Let us consider seven scenarios in which two experts are asked to rank 15 objects (n = 15) according to some criteria, this data set is given in Table  8 . We calculate the three proposed rank correlation coe cients (using (3), (5) and (6)) along with Kendall's tau and Spearman's rho, the results are summarized in Table 9 . Scenarios (A,B) and (A,C) show almost perfect positive agreement on the top and bottom rankings (4 rankings both sides) while scenario (A,E) shows almost perfect negative agreement on the top and bottom rankings (4 rankings both sides). For scenario (A,B), all the rank correlation coe cients are significant at significance level 1%, except R 0.9 which is significant at 5%, with large values for all the weighted rank correlations, except R 0.8 and R 0.9 . The merit of the new proposed weighted rank correlation coe cients is more obvious in scenario (A,D) where we have perfect positive agreement on the top and bottom rankings (2 rankings both sides). For this scenario, Kendall's tau, Spearman's rho and R 0.9 are significant at significance level 5% while the remaining correlation coe cients are significant at 1%.
On the other hand, in Scenarios (A,F), (A,G) and (A,H) we have perfect agreement on the middle rankings, while there is some disagreement on the top and bottom rankings (2, 3, 4 rankings both sides, respectively). All rank correlation coe cients are significant at significance level 1%, except for R w with small values of w which are not significant. This shows the impact of disagreement on the top and bottom rankings on R w for small values of w. It also shows how choosing the wights for R w could a↵ect the inference results.
Example 5.2 In this example a set of monthly data of four market indices is used to illustrate the new rank correlation coe cients, these indices are the Standard and Poor (S&P), the Financial Times (FT), the Nikkei (Nik), and the DAX index. Meintanis and Iliopoulos [15] used this data set to test the independence of the four indices as well as of all combinations of three or two of them. Coolen-Maturi [3] also used this data set to test the independence of the four indices with more focus on agreement on the top rankings via the weighted rank coe cient of concordance, which is an extension of the correlation coe cient by [13] for more than two sets of rankings. The sampling period was September 2001-December 2005, yielding a sample size of n = 50 filtered returns (filtered by Meintanis and Iliopoulos [15] using ARMA(1,1) process). We consider the 6 possible pairs of these market indices, (S&P, FT), (S&P, Nik), (S&P, DAX), (FT, Nik), (FT, DAX) and (Nik, DAX). Figure 3 shows the matrix of all possible pairs of market indices for the ranks of the original data (after filtering). We can see from this figure that the pair (S&P, DAX) (respectively, (FT, Nik)) is more (respectively, less) in rank agreement, which coincides with the results obtained by Meintanis and Iliopoulos [15] . Meintanis and Iliopoulos [15] found that all pairs of these four indices are also highly dependent, except for (FT, Nik), the most dependent pair was (S&P, DAX) and the least dependent pair was (FT, Nik) followed by (S&P, Nik). Table 10 presents the Spearman's rank correlation coe cient R s [18], Kendall's rank correlation R k [10] , the weighted rank correlation R w as presented in (3) for di↵erent values of w, and the weighted correlation coe cients based on the order statistics and the quantiles of the Laplace distribution, R O and R L , respectively. In order to test the null hypothesis of independence against the alternative of a positive correlation, the critical values from the tables in Section 3, for significance level 5% and 1%, are used. Table 10 shows that for the pairs (FT, DAX) and (S&P, DAX) we always reject the null hypothesis of independence at significance level 1%, so there is evidence of positive correlation between these pairs of indices. Spearman's rank correlation coe cient R s , Kendall's rank correlation R k , and the two weighted correlation coe cients R O and R L always indicate positive correlation for all 6 pairs at significance level 1% (except for (FT, NiK) which is significant at 5%). However, for R w this varies depending on the value of w. For example, we do not reject the null hypothesis of independence for the pair (FT, Nik) for w = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6. We can also notice that the results from Spearman's rank correlation coe cient R s are close to the results from the weighted rank correlation R 0.9 , while the results from the two weighted correlation coe cients that based on the Laplace distribution, R O and R L are close to each other and close to the results from the weighted rank correlation R 0.9 .
Concluding remarks
In this paper we have presented three new weighted rank correlation coe cients which are aimed of evaluating the agreement of the top and the bottom rankings simultaneously. In addition to the exact and approximate quantiles, we also derived the limiting distribution of these weighted rank coe cients under the null hypothesis of no agreement between the rankings. We illustrated the use of the new weighted rank coe cients via examples, including an example using financial markets indices.
We also carried out a simulation study to compare the performance of the three proposed weighted rank correlation coe cients with the well-known non-weighted rank correlation coe cients, namely Spearman 
In addition to the simulation study that has been presented in this paper, one can also apply other methods to compare these correlation measures, e.g. via resampling (bootstrap) techniques as in [14] or by visualising these concordance measures as in [22] . One can also consider extending the work presented in this paper to evaluate the agreement with focus on the top and the bottom rankings simultaneously when there are more than two rankings as in [3, 20] , or even with focus on a specific range of rankings (e.g. measuring the agreement between nonlinear rankings [19] ). 
